Simulation and Sampling Distributions

Consider the rand function on your Classpad, which generates 10-digit random decimal values in the
range 0 < rand() < 1.

This can be input from the Catalog of available functions (or typed with the keyboard). Should you
wish to access this from the catalog, turn on your keyboard then access the second set of keyboard
options using the down arrow key.

@ Edit Action Interactive
B DEE0E
rand (| rand (
0. 2605437941
rand {
0. 1305480414
rand (
0.3492423397
rand {
— — _ 0.907T003471
Catalod « |M|N O P|Q R » rand (
Advance | r*Corr Form 0. 1268337557
Number mﬂdﬂlﬂ( All b rand
randList { 0.809323702
randMorm (
RandSeed INPUT rand (
rangeAppoint 0.3891208175
rank(
" re EXE
Alo Decimal Cplx Rad ({m

Above left is an example of the Catalog use to input the rand() command, and above right are a
series of examples of the command being used.

Sketch a histogram on the following axes illustrating what you think the distribution of values would
look like were this command to be used 100 times:

y

C, X

Compare your histogram with those of others around you.
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Simulation and Sampling Distributions

A related command, randlist(n), can be used to generate a list of n such random decimal values, a
screenshot of which is shown below to generate a list of 100 values:

randList (100}
10, 2675262966, 0, 21653754 e

If we would like to generate histograms of our results, perhaps the easiest and most convenient
method is to do so in Spreadsheet mode.

Commands from Main can be input in spreadsheet cells, and indeed it can be easiest sometimes to
copy a command from main and then paste it into a spreadsheet cell (the keyboard shortcut =
can be used to copy, and shortcut [HFT)y can be used to paste).

& Flle Edit Graph Calc

5 » - F ™ . .
"L.l[ ______ I#I _______ ul [r--"lul 7| * Forthose familiar with spreadsheets in general, the Classpad
A B c | spreadsheet operation will feel quite comfortable for you — cell
1 m function commands start with the customary = sign, and have
g similar format including ranges of values.
; . The advantage with the calculator implementation is that
6 Classpad functionality is available to you in cell commands, so a
7 mixture of functions can be used.
B
]
10
11 The function bar shows at the bottom, and beneath that a
12
13 name box.
14
15
16
=rand () v X
&1 (i
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Simulation and Sampling Distributions

o Filn-ﬁmh Cale
“G1| B Undo/Redo
A command in one cell that is required to be replicated in - Style
adjacent cells can be copied via the Fill option residing under Format b
the Edit menu tab. ~ Select ,
Insert *
The Fill Range option will take a copy of the currently selected Delete ’
cell, and fill it into the designated range of cells. In this case we Cut
want to fill 100 cells in the first column with random decimals. Copy
Fill Range
| Sort/Search | Fill Sequence
Formula |=rand(}
Range Al:al100|
Lx ] . o
=rand () [v]x <] ] [»]
W X
© File Edit Graph Calc A1 0.B65452542 (i)
0.5 g |Jax 1 -
L e M S T 'E The result of our Fill directive is shown to the left.

A1 0.8724414631
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Simulation and Sampling Distributions

& Flle Edit Cale
"Gi| B |i% Line " vE

Select the column of values by clicking on the column
name tab above it, just as you would ordinarily in a
spreadsheet.

Under the Graph menu tab, select Histogram from the list
of options.

The Classpad will now split the screen, and display a
histogram of the 100 values.

© Edit View Type Calc

.ri[l]]'rm"""
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Simulation and Sampling Distributions

Edit Graph Calc At any time the spreadsheet can be Recalculated using the

vll':ﬂlmjll v I- appropriate option under the File tab as illustrated to the left.

Open
Save —El Note that the histogram will automatically adjust.
cay ¥ .

Three differing versions are illustrated below, illustrating he
| randomness of the decimal numbers generated.

# File Edit Graph Calc

SBEONEME0
4]

0.69873

0.23368 .
0.01320
0. 85387
0. 86798

0. 57877 v]|
X

a |- <]

@ File Edit Graph Calc

BB EO0E MO0
4]

0.81822

0.60138 o
0.23603
0.72867
0.49269

B S

In the final example at right, two important facets are
shown:

Firstly, the frequency of any interval (the height of the
column) can be given by clicking on the column, after
which the Name bar strip below will inform you of the
column being graphed, the class interval, and the
frequency — in the case to the right, there were 13 values
intherange 0.4 < x < 0.5

Also note the possibility that a column can extend beyond the top of the window.
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Simulation and Sampling Distributions

Try it now with 400 rolls — compare your histogram with © File Edit Gragh Calc
that below. e

"lAlB |€ D 'E| Fl»
A B c |

Fill Range

File Edit Graph Calc

I E IMI Formula =rand ()
| A Range A1:A400
0.18285 _
0.90721

L2TLTT

U -
0. 45779
0

. 79337|

We are witnessing samples of the given size from a uniform distribution

i.e. rand()~U(0,1)
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Simulation and Sampling Distributions

Now consider the command rand() X 6

& Edit Action Interactive
a1 ] b [fda]sime [ [ 45+ |
rand{ ) =B

2.681612105
rand () xE

0.08232925662

rand{ ) =E

5.205902542
rand () %6

4.321151908
rand{ ) =B

5.777191478
rand{ ) =6

4.339066015
rand () %6

4.069230696
0
Alg Decimal Cplx Rad 1]

What would a histogram of the command rand() X 6 look like?

Experiment to confirm your suspicions, using the spreadsheet option.

Your results should confirm that rand( ) X 6 ~ U(0,6)

Now consider the command int(rand() X 6)

(where the int function truncates its input value to provide just the integer portion)

What would you predict its distribution to look like?

Again, experiment to confirm your suspicions (or, perhaps, to correct them!)

Your results should confirm that int(rand() x 6) ~ U(0,5), X € Z

Finally consider the command int(rand() X 6) + 1

Experiment to confirm your suspicions (or, perhaps, to correct them once more!)

Your results should confirm that int(rand() x6) + 1~ U(1,6), X € Z
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Simulation and Sampling Distributions

The Fair Die Simulation

We now have the means to simulate rolls of a fair die at our disposal.

There is a command for generating just random integers, rand(1,6), but this is limiting in its
applicability to what will follow so we wish to continue to use the manually created version.

Let’s use our die simulation command from before in a
spreadsheet. | Formula

int (rand( )-6)+1

Create 120 rolls of a fair die, and create yourself a histogram | flange Al:A120

of the results. 1 cancel

Let us focus on how many 6’s were rolled — ‘Sixes are it!’.

Get each person to record for all to see how many 6’s were rolled out of the total of 120 rolls —
ensure each person gets a chance to write their value on the board: i.e. 19, 17, 24, .......

Let X = ‘The number of 6’s rolled in 120 rolls of a fair die”
Our aim is to complete the table below:

x | o | . | . ] 2 | . | . | 12
px=x] =0 | . | . | > | . | . | =o

An alternate way to view this, rather than ‘How many 6’s out of 120 rolls’ is to consider the
proportion of the total number of rolls, so that ultimately our analysis can be independent of the
number of times the trial is repeated:

Let P = the proportion of 6's rolled in 120 rolls

(note that we call this ‘P Hat’ when reading it aloud)
X
So P = — in this case.
120

We add a further row to our table:

X 0 20 120
P 0 e 1
PP=p)] =0 ? ~ 0
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Simulation and Sampling Distributions

The Bernoulli Simulation

Now consider the result when the command int(rand( ) + 0. 8) is entered.
What will happen?

Write down what you think will happen — without fear of being wrong!

Now try it a few times with your Classpad, as displayed in the following screenshot:

¥ Edit Action Interactive

"ﬂ%l(ﬂﬂ)h {ﬁ]lSimplfixy TI—K;I;)— v

int(rand ()+0. 8)
1
int (rand () +0. 8)
0
int (rand()+0. 8)
1
int(rand{)+0. 8)
1
int(rand()+0. 8)
1
int (rand () +0. 8)
1
int (rand{)+0. 8)
1
D
Alg Standard Real Rad ' (i
Logically, if rand()~ U(0,1)
Then rand() + 0.8 ~ U(0.8,1.8)
And int(rand() + 0.8) ~ X 0 1
P(x = X) 0.2 0.8
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Simulation and Sampling Distributions

And int(rand() + k) ~ X 0 1
P(x = X) 1k k

for0<k<1

Can you imagine a real context in which this type of command might be used to simulate (or model)
the behaviour of the system? Write down an example which occurs to you, and share it with those
around you.

Clearly examples are prolific — think of examples which are unusual probabilities — such as the
probability of a condom failing being 12% (!). That could be simulated with a Kk value of 0.88, so the
command returns:

0 (Broken condom) 12% of time on average
1 (Non-broken condom) 88% of time on average

We do tend to think of 1 being success in such probability trials.

Armed with these commands, and an ability to use a spreadsheet to repeat the command many
times, the ability to simulate probability scenarios on your Classpad becomes quite powerful.
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Simulation and Sampling Distributions

The Blue Smartie Activity - Proportions

Consider a container in which 10 smarties have
been placed, such as in the picture at right, where
6 of the smarties are blue.

Pick one smartie out of the container at random, record its colour, and then return it.

Repeat this 10 times — so that we can investigate the number of times a blue smartie was drawn out
of 10 draws.

Let X = Number of blue in 10 draws

and, let P = the proportion of the 10 draws which were blue

~ X
SoP =—
10
X 0 1 2 3 4 5 6 7 8 9 10
~ 1 2 3 4 5 6 7 8 9 1
P 0 10 10 10 10 E 10 10 10 10
P(P =p)
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Simulation and Sampling Distributions

We will use the Classpad to simulate this scenario, taking samples of 10 draws and recording them to
help us to better understand the probabilities for the lower part of the table. To do so we will need
10 columns of values. Because we are considering a 1 to be the random selection of a blue smartie,
the sum of these 10 vales will give us the number of blue smarties out of the 10 random draws (with
replacement).

From this simulation we can obtain experimental probabilities for each outcome (or Event) in our
sampling distribution. Later in the session this row will be completed using theoretical probability.

| fu RIS £ File Edit Graph Calc
I Formula |=int(rand()+0.6) | “.i%l B |% = 'IED‘I“ﬂll 'E
Range .
I g [A1:J40| | A B =
Cancel 1 1 0 0
| | : : 0 1
3 0 1 1
The Fill command above creates an array of size 4 1 0 1
40 x 10 alongside which a new column, seen below, 5 1 0 0
has been added (and filled down) to sum the 10 6 1 1 1
values in the row to the left. 7 0 0 1
8 0 1 0
9 1 1 0
10 0 1 0
& File Edit Graph Calc 11 0 1 1
_— 12 1 1 0
0.5 Tdx —
HEE8NE 'E 13 0 0 1
1 K L 14 0 0 1
1 0 i 15 1 0 1
2 1 5 16 1 1 0
3 1 8
4 0 6 =int (rand () +0. 6) v X
3 1 7 A1 1 Lo
6 0 6
7 0 i |
8 0 i |
9 1 6
10 0 4
11 1 6
12 1 8
13 1 i |
14 1 5
15 0 4
16 1 8
=sum (A1:J1) [v[X
K14 . m
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Simulation and Sampling Distributions

Select the extra column by clicking the heading on top and draw yourself a histogram.

@ File Edit Graph Calc
Cil B |y ||l

& Edit View Type Calc

e == == I = e e

=sum{AlJ1)
1:K999

© Edit View Type Calc

Eﬁﬂr-r[‘,ﬁ;rf

=sum{Al:J1)
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Simulation and Sampling Distributions

We can optionally calculate the One-Variable statistics for our samples.

& File Edit Graph [Gale] ) X
"I_*'; I |E~‘ One-Yarisble TE
Two-Yariable —
! J Regressiaon ¥ One-Yariable
Test v =5 85
Interval .
Distribution L = 404
Iny. Distribution Zx®* = 1468
Dmpotat ox = 1. 5740076
Cell-Calculation »
List-Statistics [ 8y = 1. 58940585
List-Calculation  » n=40
minx = 3
O,=58
5]
Med =6
Q=7
K1:K933

If we conduct one trial (i.e. select one smartie from the container and check whether it is Blue or
not) then it would be termed a Bernoulli Trial (n = 1, where n is the number of trials conducted).

If n > 1 then we are conducting a Binomial Trial. In our example above, n = 10 as we are repeating
the trial 10 times (groups of 10 draws with replacement).

Using Theoretical probability, the probability distribution of X would be a Binomial Distribution,
written as

6
X~B(10,2)

The Binomial Theorem states that the probability of r successes out of a total of n binomial trials,
where the fixed probability of success in each trial is p is given by
Pax=r)=(")xp"x A -p
r

So in our case the theoretical probability of getting 3 blues out of a total of 10 draws, where the

Which, whilst possible to calculate manually, your Classpad can calculate directly using the
command:

7

binomialPDf (3, 10, 6/10)
0.042467328
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Simulation and Sampling Distributions

Note that in the spreadsheet example shown at left, there
were 2 of the 40 instances where 3 blues were drawn,
equating to an experimental probability of 0.05 (not far from
the theoretical value of 0.0425 calculated above.

&

Al

ik

© Edit T-Fact Graph e | We can create a table of values of all theoretical probability
A _'_ln:- RE ﬁ-: values corresponding to each of the possible values for X,

Wie=
Sheet! [Sheet2 Sheetd [sheetd [Sheets| using table mode with integer values of x from 0 to 10:

[ ¥ 1=binomialPDf (x, 10, 0[»}— [}
[Ov2:D
Oy3:0
[Jw4:0
[Jw5:0
[dy6:D

Cly7:0 v

vl
0.2007
0.2508
0.2150
0.1209

0.0403
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Simulation and Sampling Distributions

And then plot these values into a scatterplot, which is termed a probability spike graph.

Note the similarity of the curve produced to a Normal
Distribution. In fact, we can approximate our binomial
==| probability distribution curve by a normal distribution curve,

. such that

2 Edit Zoom Analysis + o

Ll EH EED ) el

¥

X~B(n,p) » N(p(X) =nxp,o(X) = /nxpx(1-p))
¥ So that the mean of the sampling distribution will be

1| | | | ] pX)=nxp

—-— And the standard deviation of the sampling distribution will be

X vl

1. 0p-4 a(X) = nxpx(1-p)
l.6GEe-3
0.0106
0425
0.1115
0, 2007

s L bl =T

‘Rad  Real a

For our example, withn = 10 and p = %we have
pX)=nxp
=10 x 6
B 10
=6

And

o(X) =nxpx (1-p)

= |10 4
N 10~ 10
12
05
~ 1.549

Find the mean and standard deviation of your own sample population, and compare with these

values.
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Simulation and Sampling Distributions

Here are the sample statistics for our current sample of X values, with a mean quite near to 6, as we
would expect, and a shape reminiscent of a Normal Distribution (although clearly not exact):

& File Edit Graph [Gale] o X
Sl | B | fdx, One-Variable e
Two-Yariable f—
Regression ¥ One=-Yariable
Test % = 6.025
Interval N )
Distribution Zx = 241
Inv. Distribution Zx®= 1539
DispStat
x=1.4T45762
Cell-Calculation » . N
List-Statistics L sy =1.,4933614
List-Calculation  » n =40
mink = 2
) hy=5.5
Med =&
Qs=T
- L
K1:K959 {m (]

. . . . s . '\ X . .
We now repeat our earlier technique of the creation of associated P values, being P = oin this

case.

@ Flle Edit Graph Calc

ul.:;'; [ |E‘; rl"—.—'|||_|_[h'rlh-
L

These P values will also be approximately Normally

[T [ K | [ Distributed, with
1 X p hat _
2 1 s[0.9] u(P)=p
3 | 1 G 0.6
% g. g g' g. (i.e. the mean of our P distribution will be the original
| . . . . 6 .
6 0| B 0.6 theoretical probability p, given that T of the smarties
T 1] T 0.7
8 0l 6 0.6 in the container were blue).
9 1| 5 0.5
10 1] 8 0.8 And
11 1| 6 0.6
12 1] G 0.6
13 0| 3 0.3 o(P) = px(1-p)
14 1] 9 0.9 n
15 0 4 0.4
16 1 3 0.5
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The statistics for our P values from our spreadsheet
are illustrated alongside, to confirm our findings
above.

DRAFT - 09/10/2015 Potts Baker Institute Page 1822

=]
One-Yarlable
% =0.6051282
In=123.6

ox =0.1484082

Sy =0,1503482
n=3ij
minX = 0. 2
Q=0.6
Med = 0.6
Q:=0.7

i




Simulation and Sampling Distributions

Sampling for Unknown Population Proportions

A more realistic scenario is that the population proportion is
unknown, as might be the case were we to do pondering the
proportion of blue Smarties in the population of all Smarties
produced.

-
me

n® & -

&
% Reseal

The 250g bag shown alongside contained a total of 232
smarties, of which 28 were blue.

For this sample,

# blue _ 28
# smarties 232

p= =0.12

This P is one value out of a population of all possible values in the P population — the proportions of

blue smarties in every 250g bag produced.

So what do we think the actual proportion of blue smarties (p) is?

If we recall and consider that the population of P values is approximately normally distributed,
then clearly what we have here is one value at random drawn from that population.

Imagine that we have a normal distribution curve sitting above a number line upon which our p
values are plotted.

Then what we must consider is that this p could be anywhere in the normal distribution of values,
but if we consider the ‘worst case scenarios’ of it being in each of the tails (left and right) then we
are presented with the following mental picture:

o % P = % | > p
0.05 2.1 0.15 0.2 0.25 0.3

0.12
P
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The shading within each distribution curve illustrated is the central 95% of values underneath the
curve of the P population, which we know to be approximately Normally Distributed. The central
95% will be contained within a band of values stretching out from the mean by a multiple of 1.96
times of the standard deviation (i.e. (P) + 1.96 x a(P) ).

Using this as a means to understanding where the actual p lies, we come to see that if our p is within
the central 95% of values under the actual curve centred around p, then we can be 95% confident
that the range of values within which is lies is the width of each tail either side of our p value.

This allows us to construct from our p value an interval within which we are 95% confident that the
value of p lies:

p—1.96 x a(P) < u(P) <p+1.96 x a(P)

We can now substitute our other known values, being that

uP)=p

0_(1’5) — ’p X (i_p)

Since that actual p value is unknown we use our P value in its place.

X (1—p X (1—p
p—196x /#s;)szﬂww /#

We are now in a position to construct for ourselves a 95% Confidence Interval for the proportion of
blue smarties in the population of all smarties produced, based upon our sample of size 232 which it
seems reasonable to assume was randomly chosen.

28 % (1 _ 28 )

232 232

28 28
28 o me(l—m)
232 ' 232

And

< < 28 + 1.96 X
232 =P =537

This yields us an interval within which we are 95% confident that the population proportion of blue
smarties lies:

0.079 < p < 0.163

Correct to 3 decimal places.
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Confidence Interval Calculations on the Classpad.

Such Confidence Interval calculations are not recommended to be manually entered into Main on a
Classpad, although for completeness they have been done below.

The recommended method is to use the Interval wizard provided within the Statistics application:

dit [Calc| SetGraph

. Type | Interval | v
4 | ¥1 One-Variable } | >
~ Two-Variable | one-Prop Z Int v
—1’% Regression NCE_

2 | Test
3| |Interval
g Distribution
g| |Inv. Distribution [ IHelp Next >>
7| |DispStat
: | | @

Select Interval, and from the next set of options choose the ‘One Proportion Z-Interval’ from the
drop-down list.

You can optionally turn on help within the wizard, which will provide a short description of the
contents of each field. For example, the Cl percentage must be input as a decimal between 0 and 1.

o (x) o (x]

Type [ Interval [ *] C-Level
| One-Prop Z Int [+] g ]
A a—

This command calculates the confidence confidence level {0 < C-Level < 1)
interval for the population proportion
based on a single sample proportion.

i Lo
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And we are presented with the boundary values for our confidence interval:

P (x]

Lower (AN ririvi
Upper|0. 1626086
pl0. 1206897 |
n|232 |

interval lower limit (left edge)

For completeness, the manual calculation is shown also:

£+ Edit Action Interactive

e Bl [T TR

j 28 X[l— 28 ) 28 X[l

232 232) 28 +1. 96% 232 >

232 7232 23
10. 07876995252, 0. 1626093578}

28 _
239 1. 96x
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